We discuss the validity of replacing the complicated three-body confinement operator of the Y string junction type by three kinds of approximation which are numerically much simpler to handle: a one-body operator with the junction point at the centre of mass, a two-body operator corresponding to half the perimeter of the triangle formed by the three particles, and the average of both. Two different approaches for testing the quality of the approximations are proposed: a geometrical treatment based on the comparison of the potential energy strengths for the various inter quark distances, and a dynamical treatment based on the comparison of the corresponding effective string tensions using a hyperspherical approach. Both procedures give very similar results.
I. THE Y STRING POTENTIAL AND POSSIBLE APPROXIMATIONS
The QCD lattice calculations support the idea that the confining potential energy in a three quark system can be, at best, simulated by the so-called Y-shape potential [1] . In this scheme, the three pointlike quarks (located at the apices of a triangle ABC), are connected by three flux tubes starting from a junction point (I) in such a manner that it minimizes the sum of the distances to the three quark positions. Note that effective QCD theories support also this idea [2] .
If the angle corresponding to an apex is greater than 120
• , the junction point is precisely at this apex, whereas if all the angles are less than 120
• , then the equilibrium junction position coincides with the so-called Toricelli (or Fermat or Steiner) point; it corresponds to a point for which the corresponding angles AIB, BIC, and AIC are all equal to 120
• .
Thus the genuine string potential in a baryon is defined by
• (+ circular permutation on B and C),
where σ is the string tension, in principle a constant of the theory. This expression has been used in several works (see for instance Refs. [3, 4, 5, 6] ). The success of simple quark models using a potential to simulate the confinement without gluonic modes can be justified by the fact the lowest gluonic excitation energy in the three quark system is found to be about 1 GeV in the hadronic scale [10] .
Efficient methods to deal with Y-shape interaction relies either on Monte-Carlo algorithms (see for instance Refs. [7, 8] ) or hyperspherical methods (see for instance Ref. [9] ). However it is very difficult to implement in a numerical code, essentially for two reasons: i) it is a three-body operator which makes the equations very complicated; ii) the presence of two different expressions depending upon the configuration makes the integration domain not evident to handle. This complexity explains why, for practical calculations, the genuine Yshape potential is often replaced by other expressions that are considered as approximants.
The most popular one is to consider half the perimeter of the triangle formed by the three quark coordinates and to define the confining potential as
which is also called the ∆-shape potential. However it is shown in Ref. [1] that the three quark potential energy is better represented by the Y-shape interaction than by the ∆-shape one. Nevertheless, potential (2) is a two-body operator, free from the complication due to angles; hence it is much more simple and it is still widely used in practice (see for instance
Refs. [11, 12, 13] ).
A λ i · λ j colour dependence associated with a two-body linear confinement does produce such a 1/2 factor. Although this colour prescription is perfectly relevant in the case of onegluon exchange, there is no theoretical justification to apply it for the confinement potential.
This 1/2 factor is close to the value 0.53, predicted by lattice calculation [1] , if one tries to replace the Y-shape by a ∆-shape.
It is very important to stress that both the genuine string potential (1) and the two-body confining potential (2) are of geometrical essence, depending only on the position of the quarks and independent of their masses.
Another approximation, that was suggested, is to replace the true junction point I by the centre of mass G of the three quark system [14, 15] . In this case the corresponding confining operator is simply
This approximation is particularly interesting since this potential is a one-body operator free from angle complications; hence its numerical treatment is quite easy. In contrast to the previous expressions, this approximation does depend on the system via the centre of mass coordinate.
In this paper, assuming that V Y represents the true physics, we want to study the quality of the approximations (2) , (3)and their relevance. To this end, we propose two approaches:
a geometrical one and a dynamical one relying on the hypercentral formalism. With this last technique, it is possible to obtain directly an average value of the confining potential energy depending only on one lenght parameter. Then we check their validity with an exact threebody treatment based on a complete hyperspherical treatment (beyond the hypercentral approximation). A simulation of three-body potential by sums of two-body potentials was performed in Ref. [16] , but with a philosophy very different from the one developed here.
In the next section, the geometrical approach is presented. In Sec. III, the hyperspherical formalism is used to calculate the value of the effective string tension for a given system.
Sec. IV is devoted to a three-body treatment of the confining potential and the simulation of the genuine string operator. Conclusions are drawn in the last section.
II. GEOMETRICAL APPROACH A. Configuration of the system
We are interested in the ratio of the potential energy for two forms of confining interactions as function of the configuration of the system. Since this ratio is scale independent and since the dynamical constant σ disappears in this ratio, it is always possible to rescale the quark triangle putting AB = 1 and to deal only with the remaining apex of the triangle.
Denoting by L the minimal distance from the junction point I, by D the distance from the centre of mass G, and by P half the perimeter of the triangle, we will study the ratios:
In order to obtain analytical expressions (already complicated!) for these ratios we restrict ourselves to a system with 2 identical quarks of mass m located in A and B and a third one of mass M = xm located in C. The region 0 < x < 1 corresponds to QQq systems with a light and two heavy quarks; the region x > 1 corresponds to qqQ systems with a heavy and two light quarks. The case x = 1 corresponds to systemswith three identical masses.
Since AB is fixed, the only freedom for the geometry of the system is the position of the apex C, that can be defined by two angles a = A and b = B. Following the previous remarks, one must calculate L(a, b), P (a, b), D(a, b, x). In fact this study is still too complicated. One can simplify it a lot noting that there is a symmetry versus the mediating line of AB, with the consequence that R(a, b) = R(b, a). This implies that an extremum of those ratios, the only important thing for our consideration, always lies in the mediating line and it is sufficient to restrict the study to isosceles triangles. Thus, we only compute R Y /C (a), R G/C (a, x) and
In a quantum mechanical treatment of the confinement, the wave function of course explores all the configurations for the triangle so that, may be, the most important physical quantity to be computed is the average of the previous ratios. One defines
B. Various distances
The calculation of the various distances results from geometrical properties in a triangle and presents no difficulty. It is easy to show that
• The genuine string distance is given by
• Half the perimeter is equal to
• Centre of mass string distance is given by
C. genuine potential to half perimeter
With the expressions (5) and (6) , one has R Y /C (a) = L(a)/P (a). This ratio is always larger than 1, meaning that the genuine string junction potential is always more repulsive than the sum of the two-body confining potentials. However the ratio is 1 for a flat triangle or for an infinitely stretched triangle, and presents a maximum, 2/ √ 3 ≈ 1.155, for an equilateral triangle. This is in agreement with the result of Ref. [1] .
The average value (4) in this case is equal to
The value 1/2 R Y /C ≈ 0.54 must be compared with the corresponding value 0.53 derived from QCD [1] . Thus the average error replacing the string tension operator by the sum of the two-body confining potentials is of the order of 8%; this approximation can be considered as a good one.
D. Centre of mass junction approximation to half perimeter
There does not exist special angle conditions in this case and, following formulas (7) and (6), the ratio is given by R G/C (a, x) = D(a, x)/P (a).
The maximum value is obtained for an infinitely stretched triangle and for an infinite mass asymmetry. In this special case, the ratio equals 2, but in the physical part of the domain, this ratio is much closer to unity. A more reliable estimation results from averaging following the procedure (4). The integral is cumbersome but can be evaluated analytically using for example the Mathematica package:
where
and where K(X) and E(X) are the complete elliptic integrals respectively of first and of second kinds [17] . The function R G/C (x) is presented in Fig. 1 . It is always greater than 1, indicating that the centre of mass string always overestimates the sum of the two-body confining potentials. For x = 0 (QQq systems) the value is 1.168, for x = 1 (systems) it is 1.136, and for x = 20 (qqQ systems) it is 1.248. Curiously it passes through a minimum 1.132 for x ≈ 0.600 corresponding to ssu and ssd systems. Replacing the two-body potential by the centre of mass string induces an error of about 15-20%.
E. Centre of mass junction approximation to genuine potential
In a similar way, we define the ratio
A maximum value 2 is obtained in very extreme situation a → π/2, x → ∞,but, in general, the values of expression this ratio are very close to 1.
The integration of expressions R Y /C (a) over the angle a is very cumbersome, the final result looks like
where X is given by Eq. (9b) and the new quantities Y , T , and U are equal to
The behaviour of this ratio is shown on 
F. Another approximation
Replacing the genuine string junction potential by a sum of the two-body confining potentials is a rather good approximation in any case. Replacing it by a sum of one-body centre of mass string potentials is even a better approximation for equal quark mass systems and one light-two heavy quark ones. This approximation becomes slightly worse (although not dramatically) for one heavy-two light quark systems. In most cases, these approximations are better than 10%.
It is interesting to remark that the genuine string tension is always comprised between half perimeter and centre of mass junction. This last property is obvious since the Toricelli point is precisely the one which minimizes the sum of the distances; in contrast the former property is by no means obvious. One can take benefit of this remark and to define a new ratio as
In Eq. (11), the function R G/Y (x) has been computed before. The value of R C/Y can be computed analytically. The result is
The curve R M/Y (x) is plotted on Fig. 3 . One can remark that the values of R M/Y (x) differ from unity by less than 3% for all relevant values of the x parameter. So this procedure to simulate the genuine string junction potential seems preferable to the previous discussed ones.
III. HYPERSPHERICAL APPROACH A. hyperspherical coordinates
The hyperspherical formalism is an economical way to tackle the three-body problem.
We refer to specialized papers for technical aspects (see for instance Ref. [9] ). Here we just recall what is needed for our purpose.
Let us define a reference mass m and introduce the dimensionless quantities
The first thing to do is to introduce the Jacobi
The normalization quantities have been set in order to obtain nice properties under particle permutations. From now on, we particularize to the 1-2 pair and drop the 12 index everywhere, so that the Jacobi coordinates for our problem are noted simply ρ (instead of ρ 12 ) and λ (instead of λ 12 ).
Each inter-distance r ij = r i − r j can be expressed only in terms of ρ and λ, so that half the perimeter of the quark triangle is expressed as
The same is true for the positions relative to the centre of mass s i = r i − R cm , so that the centre of mass string distance is D(ρ 2 , λ 2 , ρ · λ). Finally, the same property is valid for the genuine string
Over the six original variables defining the configuration, three have disappeared corresponding to the three Euler angles giving the orientation of the plane of the quarks in a fixed reference frame. The confining potential is expressed in terms of two distances ρ and λ, and one angle χ = ( ρ, λ) between ρ and λ. Instead of ρ and λ, the hyperspherical formalism introduces the hyperradius R and the hyperangle θ through a polar transformation
The hyperradius is invariant under quark permutations
The elementary volume element with the hyperspherical coordinates is simply
where dΩ (6) is the volume element on the hyperangles and dΩ (3) the usual volume element on Euler angles. One has obviously
An important property of the hyperspherical formalism is that a dominant part of the interaction comes from the hypercentral approximation of the potential V (ρ, λ) which is the average of the potential over the hyperangles
For potentials invariant under rotations, as the confining term we are interesting in, the expression does not depend on Euler angles so that, in practice, the hypercentral potential is simply
In the hypercentral approximation the complicated three-body problem reduces to a differential equation including V (R). Within this approximation, we obtain directly an average value of the potential confining energy depending only on the hyperradius. Such a treatment is feasible for the Y-shape as well as its approximants.
In this paper we focus only on the genuine confining potential V Y and its two approximations V C and V G . In term of the hyperradius R and hyperangles θ and χ, they are defined
The hypercentral approximations of formulas (21) resulting from equation (20), are denoted
The expressions for P and D are easy to obtain. For the moment, let us quote the following formulas
and
The expression for L is much more cumbersome. As was mentioned above, there are three special cases for which the angles Θ i = ( r ij , r ik ) are greater than 120
in this case L = r ij + r ik . The "normal case" (all Θ i less than 120
and is less easily obtained. Let us quote the final expression:
• First region
• Second region
• Third region
• Fourth region or "normal region"
Since each distance is proportional to the hyperradius, all the confining potentials under consideration have the form (I = C, G, Y )
One sees that in the hyperspherical formalism the confining potential remains linear, with the string tension which is no longer σ but a modified value b which depends on the system. This dependence is not of geometrical essence, as in the previous Section for V G , but of dynamical character that comes from the choice of the Jacobi coordinates. The main effort of this section is devoted to the calculation of this new "string" tension b.
To stick to the previous Section and also to get analytical results, we restrict from now on to the case of two identical particles (particles 1 and 2 with the reference mass m = m 1 = m 2 and a particle 3 with mass m 3 = xm). In this special case, the coefficients α and β in Eqs.
Let us study separately each approximation.
B. Centre of mass junction
Among the three contributions to the potential (22), one is particularly simple. It corresponds to s 3 = (βR cos θ)/ω 3 . The averaging is trivial and gives the value 32βR/(15πω 3 ).
The calculation of s 1 is longer but presents no special difficulty. A trick to fasten the answer is to remark that R is an invariant under quark permutations. Consequently, the averaging can be performed with the hyperspherical angles θ 23 and χ 23 as well, so that the result follows immediately from the previous one giving the contribution 32β 23 R/(15πω 1 ). Similarly the contribution due to s 2 is 32β 31 R/(15πω 2 ). Replacing the quantities β ij , ω k by their values (33) gives the final result for the effective string tension in this approximation
C. Half the perimeter
The procedure is essentially the same using now potential (23). The contribution due to r 12 = ρ/α is very easy to obtain; the result is 32R/(15πα). Switching to the permuted hyperangles gives immediately the contributions due to r 23 and r 31 , namely 32R/(15πα 23 ) and 32R/(15πα 31 ) respectively. Replacing the quantities α ij by their values (33) gives the final result for the effective string tension in this approximation
D. Genuine string junction
Because of the special cases, several zones of the plane (θ, χ) must be isolated corresponding to the conditions ( (24), (26), (28)), where the integrand has a special form ( (25), (27), (29)). These various zones are separated from the "normal zone" by a line which corresponds to the limit cos Θ i = −1/2. It is convenient to take θ as abscissa and χ as ordinate in the plane.
The condition (24) writes explicitly
This curve starts with the value 2π/3 for θ = 0 and ends up to π for θ = θ 0 = arctan (1/Ω).
In the first region, above χ 1 , the expression L = L 1 (25) applies.
The
This curve starts with the value π/3 for θ = 0 and ends up to 0 for θ = θ 0 . In the second region, below χ 2 , the expression L = L 2 (27) applies.
Finally a third region is found from condition (28), which writes explicitly in terms of two functions
These curves start with the values 0 and π for θ = θ 0 and join to the common value π/2 for
In the third region, at the right of χ 3 , the expression L = L 3 (29)
applies.
In the rest of the plane, the "normal" expression L 4 (31) is valid. The situation is summarized on Fig. 4 .
To obtain b Y (x) we integrate the function L(R, θ, χ) in the plane θ, χ. The result is given as the sum of seven contributions
We were not able to obtain an analytical formula for I. The best that we can do is to transform the double integral into a single integral noting that the integrals over χ can be calculated analytically. Instead of integration over θ, it is much simpler to perform the change of variable Z = Ω tan θ. With these options, one has explicitly
Due to the symmetries of the problem, it is easy to show that I 1 = I 3 and I 4 = I 6 . The integrals I 1 , I 4 , I 7 can be calculated analytically, but not I 2 and I 5 .
The calculation is not trivial, but some help is provided with the Mathematica package.
One obtains
with
and F(φ, m) and E(φ, m) are respectively the elliptic integrals of first and second kinds [17] .
E. Comparison of the effective string tensions
It is interesting to compare the string tensions b G (x) (34), b C (x) (35), b Y (x) (41) for the three expressions of the confining operator. Contrary to the previous geometrical approach they all depend on the system; as in the preceding section we introduce the ratios of the
Genuine to perimeter
The ratio r Y /C (x) is presented on Fig. 5 . It is always greater than one, indicating that the genuine tension is more repulsive than the two-body approximation. It starts from 1 for 
Centre of mass to perimeter
The ratio r G/C (x) is plotted on Fig. 1 . It starts from 1 for x = 0, increases rapidly up to 1.15 for x ≈ 0.5 and then presents a plateau at this value around x ≈ 1; it tends asymptotically to 2 √ 2/(1 + √ 2) ≈ 1.1715 for an infinite value of x. Although the forms of the curves for the hyperspherical formalism and the geometrical approach are not identical, the values for the corresponding ratios are rather close.
Centre of mass to genuine
The ratio r G/Y (x) is shown on Fig. 2 . It starts from 1 for x = 0, raises to a local maximum 1.0556 for x ≈ 0.195, then passes through a local minimum 1.051 for x ≈ 1 and raises very slowly to 1.08 for large values of x. Here again the values are in nice agreement with the geometrical approach, and are even closer to the genuine case.
Another approximation
In the hyperspherical formalism, we find the same features concerning the approximations than in the geometrical approach: for a given value of the string constant σ, the centre of mass junction potential is more repulsive than the potential with the genuine junction which is in turn more repulsive than half the perimeter potential. These two approximations can be considered as quite reasonable, differing by no more than 10% as compared to the genuine string junction one.
As in the case of the geometrical approach, one remarks that b Y (x) is always comprised between b C (x) and b G (x). Thus it is tempting to define a new approximation b M (x) and a new ratio r M/Y (x) similar to that of Eq. (11) by
The curve r M/Y (x) is plotted on differ from unity by less than 2% for all values of the parameter x. Like in the geometrical case, using this prescription to simulate the genuine string junction potential seems more preferable to the ones discussed previously.
IV. THREE-BODY CALCULATIONS
A. Strategy
For a system composed of two identical particles of mass m and a third particle of mass M = xm, the three-body equation in the hypercentral approximation to the hyperspherical formalism, is very simple; it looks like
In this expression E is the energy eigenvalue, and K(x, R) symbolizes the differential operator corresponding to the kinetic energy plus all the hypercentral potentials except the confining hypercentral interaction which is explicitly written as b(x)R, as it was proved in the preceding section. Up to now, we considered three types of confining potentials V I , labelled by an index I (I = Y for the genuine three-body confinement, I = C for the two-body half perimeter confinement and I = G for the one-body centre of mass junction). The important point is that, for these three possibilities, the operator K(x, R) is the same. of course different although they should be close, within less than 10%. This property was the conclusion of our two previous sections.
At the light of the behaviour of the curves R M/Y (x) and r M/Y (x), it is natural to try to simulate the potential V Y by defining a new confining potential
with V C and V G given respectively by formulas (2) As the ratios R M/Y (x) and r M/Y (x) are very close to 1, one can hope that the V M and the V Y will give similar spectra with the same string tension. The situation is not so favourable for potentials V C and V G since the corresponding ratios R and r can differ from 1 by more than 10%. Nevertheless, we can try to simulate results obtained from the Y-shape potential by using a renormalized value of the string tension in potentials V C and V G .
Indeed, let us suppose that we perform an hyperspherical calculation for I approximation with a string constant σ I . Now let us perform an hyperspherical calculation for J approximation not with an identical string constant σ J = σ I , but with a string constant modified in the following way σ J (x) = σ I r I/J (x) (σ J (x) = σ I b I (x)/b J (x)). Obviously, one recovers the original equation and thus the original results. In other words, one can simulate the results of a treatment based on an approximation I, by performing a treatment based on an approximation J, provided we change the string constant in a consistent way. This conclu-sion is perfectly exact for the hypercentral approximation. This does not mean that it must remain exact if we perform a more sophisticated three-body treatment. The quality of this simulation, as well as the results coming from V M , are the subjects of this section.
Our numerical algorithm to solve the three-body problem with potentials V C , V G and V M is based on an expansion of the wave function in terms of harmonic oscillator functions with different sizes [18] . It was checked with other methods and was proved to give results of good accuracy if the expansion is pushed sufficiently far (let say up to 16-20 quanta). Moreover it can deal easily with a relativistic kinetic energy operator. The detail of technical aspects is not the subject of this paper and can be found elsewhere [19] . For the present purpose, it is enough to say that we are able to solve in a very fast and precise way a three-body calculation either with a non-relativistic or relativistic expression for the kinetic energy operator.
One-body and two-body operators are easy to implement, but three-body operators are much more complicated to handle, specially if one must distinguish several integration domains, as it is the case for the Y-shape potential. In this paper, the three-body problem with potentials V Y is solved by the hyperspherical method without the limitation of the hypercentral approximation [9] . At the present stage, only S-wave states can be computed with good accuracy. This is why the simulation of a three-body operator either with a two-body, a one-body operator, or a mixing of both is important.
We consider a system composed of 3 quarks of type n (for u 1 and N = 1) .
B. Comparison centre of mass to perimeter
This section does not deal with the Y shape potential, but nevertheless it is important because we compare here two treatments that we are able to handle easily, in any physical situation, and with a good accuracy. The possibility to simulate one treatment by the other is very instructive and can be tested carefully, so that firm conclusions can be drawn.
For a number of systems, exploring a large domain of the x parameter, we calculate first the baryon binding energies obtained with the centre of mass junction (G approximation) and with the half perimeter confinement (C approximation) using the same value of the string tension σ = 0.2 GeV 2 . This value is close to the accepted value coming from lattice calculations [1] . Then we keep this value of σ, do the calculations for the G approximation using a modified value of the string tension based on the arguments of the geometrical approach σ R (x) = σ R C/G (x) and on the arguments of the hyperspherical approach σ r (x)= σ r C/G (x), and compare with the C calculation with the string tension at the value σ. We also perform the reciprocal calculations. Our quantitative results are presented in Table I for a nonrelativistic kinematics.
Note that the definition of the ratio r I/J (see sec. III E) implies that r J/I = 1/r I/J . This property is not exact for the ratio R I/J . However, the value 1/R C/Y ≈ 1.083 (coming from formula (12)) must be compared with R Y /C ≈ 1.086 (formula (8)). These values are very close and this gives us confidence to use R J/I ≈ 1/R I/J for all cases.
If we compare column (1) and column (4) from Table I, If we look at columns (1) and (2) for systems characterized by x = 1, we can see that all masses are identical (actually, they differ at the 6th digit, which is at the limit of the accuracy of our calculation method). It is then possible to simulate perfectly the potential V C with a string tension σ by the potential V G with the string tension σ r C/G . This property, which is exact at the hypercentral approximation, is also verified for the full calculation for symmetrical systems. The situation is less favourable for systems with x = 1. In these cases, we can remark that the masses of column (2) are always greater than the masses of column (1) . For snn and nss baryons, the agreement is good, especially for the ground state. But for very asymmetrical systems such as bnn and nbb baryons, there can exist greater mass differences, up to about 100 MeV. Let us remark that, for the ground state, the agreement is still reasonable (better than 2%).
If we compare now data from columns (1) and (3), we can see that, in general, the potential V C is not so well simulated by the potential V G using R C/G instead of r C/G . In particular, masses from these two columns are not identical for systems with x = 1 (since an exact simulation is impossible with the geometrical approach, we consider that using 1/R C/G instead of R G/C in column (6) do not spoil our conclusions). In most cases, masses of columns (3) are greater than masses of column (2) . But for very asymmetrical systems, a peculiar mass in column (3) can be closer to the one in column (1) than the corresponding mass in column (2).
We retrieve the same features in comparing data from columns (4) with data from columns (5) and (6) . But one can remark that the masses of column (5) are always smaller of the masses of column (4), when they are not identical. Moreover the masses of column (6) are generally smaller than those of column (5). This situation is the opposite of the one for columns (1), (2) and (3) Some calculations have also been performed with a relativistic kinematics, but the same conclusions can be drawn. We have just remarked that the agreement between masses is slightly less good than in the nonrelativistic case. To be complete, let us mention that, with this kinematics, for systems with x = 1, the differences between masses computed with V C (V G ) and those computed with V G (V C ) and the string tension multiplied by r C/G (r G/C ) appear at the 5th digit, which can be considered as relevant for the accuracy of our method.
The simulation based on the renormalized string constant originated from the hyperspherical formalism gives generally good results, better than those coming from the geometrical approach. Nevertheless, for very asymmetrical systems, better results can be obtained with this last method.
It is important to emphasize that using renormalized string tensions provides, in any case, much better results (6% in the worse case) than keeping a single value of σ (17% in the worse case, 10% in the best). This study gives a strong confidence to use also a renormalized σ to simulate the genuine string junction.
C. Simulation of the genuine junction
We consider the genuine confining three-body potential with a constant string tension σ and its various approximations. Our quantitative results are presented in Table II In column (2), binding energies of the potential V M are presented. They are obtained with a value of string tension which is the same that the one used for V Y . One can see that the numbers of columns (1) and (2) differ generally by less than 20 MeV, with only a notable exception, the first excited S-wave state of the bnn system. We cannot say nothing about the P-wave states, but we can expect that the results from the V M potential are also close to those of the V Y interaction. Thus, it appears that the potential mixing equally the half perimeter and the centre of mass junction simulates quite well the genuine Y-shape interaction.
Let us now discuss the quality of the spectra obtained with V C and V G and with a renormalized string tension as explained previously. We performed the calculation with a two-body confining potential of type C and with a string constant either σ (5)). Then we redo the calculation with a onebody confining potential of type G and with a string constant either σ (6)). By comparing data from columns (3) and (4) in Table II , we can see that the masses for baryons nnn and bbb are the practically the same (differences are at the level of the 6th digit as described in the previous section) and very close to the value of column (1). This means that, for this kind of symmetrical systems, the simulation of the potential V Y by interactions V C and V G , based on hyperspherical formalism, gives very good results. The situation is less favourable for asymmetrical systems. For snn and nss baryons, the agreement between columns (3) and (4) is still good, especially for the ground state. But for very asymmetrical systems such as bnn and nbb baryons, there can exist greater mass differences, up to about 100 MeV. Again, for the ground state, the agreement is still reasonable. Let us remark that masses in column (4) are always greater than the corresponding ones in column (3) . The values of these two columns are in reasonable agreement with the reference results of column (1) .
Within the geometrical approach, the results of the two procedures of simulation are never in perfect agreement, as we can see in comparing columns (5) and (6) To be complete, it is worth mentioning that the same conclusions can be obtained with a relativistic kinematics, although in this case we cannot compute the reference energies corresponding to the potential V Y .
D. Particles with different masses
Up to now, the analysis has been done for at least two identical particles. General analytical formulas in the case of three different particles are not available, except b G and b C in the hyperspherical formalism. In this case, we noted that the tensions are expressed by
A first possibility to treat easily the problem of three different masses is to use the hypercentral approximation with b M = (b C + b G )/2, with the above expressions for b C and b G . This procedure would avoid a double numerical integration to get b Y , whereas allowing results better than 2%.
Another possibility relies on the V M potential proposed in the previous section. We have verified that this approximation works well in the case of two or three identical particles.
We can reasonably assume that it will be also good in the case of three different masses.
V. CONCLUSION
In this paper, we studied three approximations of the genuine three-body confinement: a two-body potential V C equal to half perimeter of the triangle formed by the three particles, a one-body potential V G with the junction point at the centre of mass, and a mixing of Thus, using V M with the same string tension than the genuine junction gives very good results at the level of the spectra. To obtain similar quality (sometimes a bit better or a bit worse) for the potentials V C and V G , it is necessary to renormalize the string tension by a mass dependent factor that can be analytically computed in the cases of two and three identical particles. This is very important to simplify the technical effort.
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